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Clairaut’s Theorem Suppose f is defined on a disk D that contains the point
(a, b). If the functions f,, and f,. are both continuous on D, then
.fx)‘(as b) = f;‘x(aa b)'

PROOF For small values of h, h # 0, consider the difference
A(h) =[fla + h,b+ h) —fla+ h,b)] — [fla,b + h) — f(a, b)]
Notice that if we let g(x) = f(x, b + h) — f(x, b), then
A(h) = gla + h) — g(a)
By the Mean Value Theorem, there is a number ¢ between a and a + h such that
gla + h) — gla) = g'(c)h = k[ filc, b + h) — fi(c, b)]

Applying the Mean Value Theorem again, this time to f;, we get a number d between /
and b + h such that

fle,b+ h) — fle, b) = f,(c. d)h
Combining these equations, we obtain
A(h) = h*f,\(c, d)
If h — 0, then (¢, d) — (a, b), so the continuity of f, at (a, b) gives

A

im = T e, (6 d) =1l b)

Similarly, by writing
Ah)=[fla+h b+ h) —fla, b+ k)] —[fla+ h b) —fla, b)]

and using the Mean Value Theorem twice and the continuity of f. at (a, b), we obtain
A(h
lim )

=0 h2

= fla, b)

It follows that f.,(a, b) = fu(a, b). |
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